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In this paper, we present a further investigation for the exact solvability of non-relativistic quantum
spectrum systems for modified Cornell potential (m.c.p.) by means Boopp’s shift method instead to solving
deformed Schrodinger equation (d.s.e.) with star product, in the framework of both noncommutativity
three dimensional real space and space phase (NC: 3D-RSP). The exact corrections for lowest excitations
states: ground and first excited states are found straightforwardly for interactions for quarkouniom sys-

tems (q& with g =c¢,b,..) by means of the standard perturbation theory. Furthermore, the obtained correc-

tions of energies are depended on: four infinitesimals parameters (0,8, Z,g ), which are induced by posi-

tion-position and momentum-momentum noncommutativity, the Cornell potential parameters (J5,a,b) and

the discreet atomic quantum numbers: (j,/, s and m ) and we have also shown that, the usual states in

ordinary three dimensional spaces are canceled and has been replaced by new degenerated 2N (2/+1)

sub-states in the new quantum symmetries of (NC: 3D-RSP). It is shown that the (d.s.e.) for (m.c.p.) has
the similar behaviors to the relativistic Dirac equation which the polarities of fermionic particle appear ex-

ciplicitly.
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1. INTRODUCTION

One of the important issues of modern nonrelativ-
istic and relativistic quantum mechanics is to solve
three fundamental equations: Schrédinger (for fermion-
ic particle with spins=1/2), Klein-Gordon (for bosonic
particle with spin zero) and Dirac (for fermionic parti-
cle with spinr) for central and non central potentials of
physical and chemical interest. Although Schrédinger
it is the first fundamental equation it remains interest-
ing in the microscopic scales, it is playing a crucial role
in devising well-behaved physical models in different
fields of physics and chemists, many potentials are
treated within the framework of nonrelativistic quan-
tum mechanics based on this equation in two, three
and D generalized spaces [1-29], the quantum structure
based to the ordinary canonical commutations relations
(CCRs) 1n both Schrodinger and Heisenberg (the opera-
tors are depended on time) pictures (CCRs), respective-
ly, as:

[xi,pj]:wij and [xi,xj]:[pi,pj]:O 1.1

01 (0] -8, a0, )] -
= [Pi (t) 2 P; (tﬂ =0

Where the two operators (xi (t),pi (t)) in Heisenberg

(1.2)

picture are related to the corresponding two operators
(x;,p;) in Schrodinger picture from the two projections

relations:

* abmaireche@gmail.com
T djenaoui2834@gmail.com

2077-6772/2016/8(3)03025(9)

03025-1

PACS numbers: 11.10.Nx, 32.30 —r, 03.65 —w

x; (t) = exp(il:I (t —1 ))xi exp(—iI:I (t -1, ))

A . (1.3)
p; (t) = exp(H (¢t —t,))p; exp(—iH (t 1, ))

Here H denote to the ordinary quantum Hamilto-
nian operator. Recently, much considerable effort has
been expanded on the solutions of Schrédinger, Dirac
and Klein-Gordon equations to noncommutative quan-
tum mechanics, the present paper investigates first the
present new quantum structure which introduced first-
ly by H. Snyder, The Quantization of space time [30].
This new structure of quantum mechanics based to
new noncommutative canonical commutations relations
(NNCCRs) in both Schrédinger and Heisenberg pic-
tures, respectively, as follows [32-59]:

a0 s ] -0, and] 15

{gei ()5, (t)} _ ic?ij,{oﬁi (t)4, (t)} —ig, and  (L4)
{i’i (t)tf’j (t)} = i6;

Where the two new operators in (fci (t), D (t)) Hei-

senberg picture are related to the corresponding two
new operators (Jﬁi, ﬁi) in Schrodinger picture from the

two projections relations in (NC: 38D-RSP) symmetries:

%, (t) = exp(H,,_, (t —t, ) * &; * exp(=iH,,._, (tt,))

. . (1.5)
D; (t) =exp(H,, (t=to ) * B, * exp(-iH,, (t 1 ))
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Here H

ne—cp

operator in the symmetries of (INC: 38D-RSP). The very

denote to the new quantum Hamiltonian

small two parameters 6*” and 0" (compared to the en-
ergy) are elements of two antisymmetric real matrixes
and (*) denote to the new star product, which is general-

ized between two arbitrary functions f(x,p) and g(x, p)
to (f*g)(x,p) instead of the usual product (fg)(x,p) in

ordinary three dimensional spaces [39-57]:

(f+g)(x.p)= exp(%é””@f,aff + éé‘”aﬁj ) (fg)(x,p)

=(fg)(x,p)+(—§ewa;fa~:g—éé“vagfafg)(x, p) )
(x“:x",p“:p")

+0(92,§2)

Where the two covariant derivatives
(af,f(%p),aﬁf (x,p)) are denotes to

a b a 9’ .
the f(x p),M , respectively, and the two fol-
ox* op”

lowing  terms (—é&”"@flf(x,p)afg (x,p)) and

(—ééﬂvaﬁf(x,p)afg(x,p)) are induced by (space-space)

and (phase-phase) noncommutativity properties, respec-

tively, 0(92,52) stands for the second and higher order

terms of 6 and 6, a Boopp's shift method can be used,
instead of solving any quantum systems by using direct-
ly star product procedure [39-55]:

[£,%;|=i6;and | p,p;|=i0y (3.1)

We can map commutative space-commutative space
phase onto noncommutative space-noncommutative space
phase, via Bopp shifts, so the generalized coordinates

(x,7,2) and momentums (px, Dy pz) changers to new
generalized coordinates (92, 5/,2) and new generalized

momentums ( DysDys f)z) , respectively, as follows [32-55]:

B G b5
XxX—>k=x-——2p -1
2 Py 2 P
0, 0,
y—>&=y—%px—%pz 3.2)
0, 0,
s 1 32
z>i=z--2% 24
g Px7 g Py
and
. 612 013
Py 2By =P m Iy
5 521 723
p, _>py:py_7x_72 3.3)
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The non-vanish 9-commutators in (NC-3D: RSP)
can be determined as follows:

(%5, ]=[5.0,]|=[2.5.]=1,
[£,5]=i60,,[%,2]|=16,5 5,2 ]=16,,
[ besby |=i6012,] by, B, | =02, . b, |=i613

(3.4)

After a straightforward calculations, using eqgs. (3.2)
and (3.3), we can show that the two operators 72 and
p? on a noncommutative three dimensional spaces and

space phase are determined with two equations, re-
spectively [32-48]:

P=r’-Le and P =p® + I:é (4.1)

Where the two couplings LO® (0O = g) and LO are
given by, respectively:

LO=L06,+L O, +L6; and
= _ _ (4.2)
LO= Lx O + Ly O23 + Lz 013

It is-well known, that, in usual quantum mechanics,
the three components (L, , L, and L,) are determined,

in spherical coordinates (r,8, ¢) as follows:

L, =i sing 2 + <520
00 1g0 o

. 0 sing 0
L =-i| - —+ — 5
y { 5050 " g0 a¢j ©)
anszzl_i
1 0¢p

The study of modified Cornell potential has now be-
come a very interest field due to their applications in
different fields, in modeling the interaction potentials of
the quark-antiquark systems typically use hold-type
potentials and it is very urgent to study the potential
quark for lattice QCD and QCD sum rules [30], here, we
shall attempt to solve the (d.s.e.) in (NC: 3D-RSP) by
using the generalization of Boopp’s shift method, which
is a direct results of star product and recently used by
many authors to solve (d.s.e.) for different potential
forms [32-57]. It is important to notice that, the author
A. Al-Jamel has Dbeen studied the potential

4 .
V(r)=Fkr —5& on noncommutative space, to the second
r

order in to the second order in # [31], our work is aimed
to extending this study to include the noncommutativity
of space phase, but in the two infinitesimals parame-

ters(®,§ ) to discover the new symmetries and a possi-

bility to obtain other applications to this potential in
other fields. The organization scheme of the study is
given as follows: In next section, we briefly review the
Schrodinger equation with Cornell potential on based to
Ref. [29]. The Section 3, devoted to studying the three
deformed Schrédinger equation by applying both
Boopp's shift method to the Cornell potential. In the
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fourth section and by applying standard perturbation
theory we find the quantum spectrum of the excited
states in (NC-3D: RSP) for spin-orbital interaction. In
the next section, we derive the magnetic spectrum for
(m.c.p.). In the sixth section, we resume the global spec-
trum and corresponding noncommutative Hamiltonian
for (m.c.p.). Finally, the important results and the con-
clusions are discussed in last section.

2. REVIEW THE EIGNENFUNCTIONS AND THE
ENERGY EIGENVALUES FOR CORNELL
POTENTIAL IN ORDINARY THREE DIMEN-
SIONAL SPACES

As it is studied, in ref [29], the interaction potential
between a quark and anti-quark is determined from
the following central potential, namely Cornell poten-
tial:

V(r)=ar- b (6)
r

where a and b are two positive constant coefficients
and r is the interquark distance , this systems known
by Quarkoniums systems (CE , bb , cb , be ,....). The above
potential is the sum of linear part (ar) which account

for quark confinement at large distances and the se-

cond part (—bj induced by one gluon exchange be-
r

tween the quarks ant it is anti-quark in short distanc-
es. The radial function Rl(r) satisfied the following

equation, in three dimensional spaces [29]:

1df, anl(r) +
r2dr dr @
I(1+1)

eute-vin)- 1

}an(r) =0

m,mg
mg, + ma

Here u= is the reduced of quarkonium

systems composed with the rest mass of quark and an-
ti-quark (mq and Mg ), respectively. The reduced radi-
al wave functions: X,,(r) =rR (r)is introduced to ob-

tain the following second order differential equation:

}an (r) ®)

X, + [sz -V(r) - l(l;; D

The Nikivarov-Uvarov method has been applied in
ref. [29] to obtain the radial wave equation and corre-
sponding eigenvalues energy:

,i,l d n 72n+£
R, (r)=N,r Nz [—rZ 5) ro RAg2RAT gy

and
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2y(b+3aj2
2
_sa_ g (10)

n,l S )
{(2n+1)i 1+4l(l+1)+if;}

. 3a 3a 1 .

WlthA:—ﬂ(E—?] ,B=ﬂ(b+§j andé‘zg, r, is

a characteristic radius of the meson. For ground state
and first excited states, we can deduce easily after a
simple calculations the following solutions:

B
=2
p O (F) = Nor P2 e 24Y7(0,6)
2
3a
3q 2u [b + ?j (11)

{i ¢1+4l(l+1)+ ;’a}

B 4 B
' (7)= Ny, {—nrm +ora ]eZH’Y/’%e,@

and

2ulb+32 (12.1)
3a 52
and E; :?— 3
{3i /1+4l(l+1)+2}f}
Where 1 and o are given by:
2B
=2+ and o = 2/2A 12.2
n ha N (12.2)

3. DEFORMED SCHRODINGER EQUATION
AND MODIFIED CORNELL POTENTIAL IN
(NC-3D: RSP):

This section is devoted to constructing of non rela-
tivistic modified Schrodinger equations in (NC-3D:
RSP) for (m.c.p.); to achieve this subject, we apply the
essentials following steps [32-48]:

— Ordinary three dimensional Hamiltonian operator

A

H_, (p;,x;) will be replaced by new three dimensional

Hamiltonian operator I:Incfcp (B%;),
— Ordinary complex wave function ‘I’(;) will be re-

placing by new complex wave function ¥ (;) ,

- Ordinary energies E, ; will be replaced by new

values Enc_cp ,

And the last step corresponds to replace the ordi-
nary old product by new star product (*), which allow
us to constructing the deformed three dimensional
Schrodinger equation in (NC-3D: RSP) as for (m.c.p.)
potential:

H, o (D%)*¥(7)= B, ,, % (7) (13)

In order to use the ordinary product without star
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product, with new vision, as mentioned before, we ap-
ply the Boopp’s shift method on the above eq. (13) to
obtain the reduced Schrédinger in (INC-3D: RSP) for
(m.c.p.):

an—Cp (ﬁi’ﬁi)l//(?) :Enc—qv‘//(?) (14)
Where the new operator of Hamiltoni-
anH, (ﬁi,ﬁi) can be expressed in three general non-

commutative quantum varieties: both noncommutative
space and noncommutative phase (NC-3D: RSP), only
noncommutative space (INC-3D: RS) and only noncom-
mutative phase (INC: 3D-RP) as, respectively:

. 0 0 o 0
H,_ ., (pi,xi)EH[px 5Dy —Ex,x—gpy,y+§pxj (15.1)

for NC-3D: RSP
o [ 0
H L&)=H|p.,p,x-2p,y+—
ncfcp(pz xl) [px py x 2py y+ 2pxj (152)
for NC-3D: RS
. 0 0
H .x.)=H — -
ne—cp (pz’xt) [px + zy’px Z'x’x’y] (153)
for NC-3D: RP

In recently work, we are interest with the first variety
(15.1), after straightforward calculations, we can obtain
the three important terms, which will be use to deter-
mine the (m.c.p.) potential in (NC: 3D-RSP), respective-
ly, as:

—+b— and
9 9 o= (16)

2m,, - 2m, 2m,

Which allow us to obtaining the global potential op-
erator H, __ (p;,%;) for (m.c.p.) in (NC: 3D-RSP), re-

ne—cp

spectively, as:

—ij .
A I R P2l
anfcp [pi =pi-?xj Xy = X;- 9 D; ]=
17)

2 -
—ar biP +[i—iji®+L—9
ro2m, \ 2% 2r 2

It’s clearly, that the three first terms are given the
ordinary Cornell potential and kinetic energy in three
dimensional spaces while the rest terms are propor-
tional’s with infinitesimals parameters (@ ,6 ), thus,
we can considered as a perturbations term, we noted by

H (r,a,b,@,é) for (NC: 3D-RSP) symmetries, re-

cp—pert
spectively, as:
b «a

r,a,b,@,é): —_— i@+L—H (18)
2 2or 2u

A

H

cp—pert (

4. THE EXACT SPIN-ORBITAL HAMILTONIAN
AND THE CORRESPONDING SPECTRUM

J. NANO- ELECTRON. PHYS. 8, 03025 (2016)

FOR (M.C.P.) IN (NC: 3D- RSP) SYMMETRIES
FOR LOWEST EXCITATIONS STATES FOR
QUARKONIUM SYSTEMS

4.1 The Exact Spin-orbital Hamiltonian for
(m.c.p.) in (NC: 3D- RSP) Symmetries for
Quarkonium Systems:

Again, the

ﬁcpfpert (r,a,b,@,é) can be rewritten to the equivalent

perturbative two terms

physical form for (m.c.p.):

- —~ |6 b oa)lar
H,, o (r.A,B.0,0) = {2# + @(273 —Zr]}SL (19)

Furthermore, the above perturbative operator

ﬁcpfpert (r,a,b,@,é) can be rewritten to the following

new equivalent form for (m.c.p.) as follows:

I:IC— ert(’l"a”l%@’é):l i+® i_i x
o 20|2u 2P 2r 20)

To the best of our knowledge, we just replace the

coupling  spin-orbital SL by the  expres-

—2 =2 =2
sion%(J -L -8 ), in quantum mechanics. The set

(H

ne—cp

(ﬁi,ii),JZ , 12, S?and J,) forms a complete of

conserved physics quantities and the eigenvalues of the
spin orbital coupling operator are:

%{(l+s)(1+%+1)+l(l+1)—s(s+1)}><

- x¥ =p V¥ :for j:‘l+s‘ @1)

%{(l—s)(l—é+1)+l(l+1)—s(s+1)}x

x¥ =p ¥ :for jz‘l—s‘

Which allows us to form a diagonal (3><3) matrix,
elements are
[(HS(HP )11 , (Hsofcp )22 ,(Hsofcp )% ] for (m.c.p.) potential
in (NC: 3D-RSP), respectively, as:

with non null

(Auw), O 0
(Hp) = 0 (Hoop )22 0 (22)
0 0 (ﬁsofcp )33

Substituting two equations (19) into equation (14)
and then, the radial part of the (d.s.e.), satisfying the
following important equation:
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1d [rz anz('”)J+

PE dr

I(l+1
Zy(Encfcp —ar+b]—(+2)— (23)
r

+ _
_ iw(é,ﬁj ST
2u rt o 2r®

It is clearly that the above equation including the

perturbative term of  Hamiltonian  operator
I:Icp_pert (r,A,B,@,é) which we are subject of discussion

in next sub-section.

4.2 The Exact Spin-orbital Spectrum for (m.c.p.)
Potential in (NC: 3D- RSP) Symmetries for
Ground States for Quarkonium Systems

After determining the perturbative term of Hamil-

tonian operator I:IqJ (r,A,B,@,é), it is possible to

—pert
apply the standard perturbation theory to obtains the
nonrelativistic modifications to the energy levels

E

nc0—-per

(@,5,(1,(),5) for quarkonium systems, at first

order of two parameters (© , 0 ), for ground states, us-
ing egs. (11) and (20) corresponding (NC-3D: RSP),
respectively, as:

E

ncO—per(

= La| Ny {JG+ D+ +1) - s(s + 1)} (24)
— b a 7]

Irﬁ o2 2Ar|:®[ j+}dr

o’ 2r) 2my

@,é,a,b,a)z

A direct simplification gives:

E ®,§,a,b,5):

ncO—per (

=1a|No[ G+ D+ +1) - s(s + 1)} (25)

A} (a,b,a)J

mo

2
(@2 T, (a,b,5)
i-1
Where, the 3- terms: T; (a,b,é) are given by:

2B
T, (a,b,5) _b ) pBA g2 g,
20

2B
400 ——-3
T2(a,b,5)=—% [ A e 2RArg, (26)

0

2B
+o —-2
T,(a,b,0)= | T
0

Know we apply the special integral [60]:

. F[”H_l,ﬂxnj
g x™ eXp(—ﬂx")dx = nimﬂ

nﬂT

1 . .
F(m+ ,ﬂx”jls the incomplete Gamma function,
n

@7
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the three values of (m,n, ﬁ)are determined
2B 2B
m=——-5 n=1 ad f=22A|, [m:—3, n=1 and ﬁzzﬂ]
[ J2A ] V2A
2B
and |m=——-2, n=1 and B=2v2A| for T;,(a,b,&6
-2 A | r T(a.0)

which allow us to obtaining :

2B
F(——4,2 ZArJ
Ty(a,b,8) =2 ~Y2A

(V2R )
r[ 28 _,, 2ArJ ................... (28)

(V2R )ion 2

278 -1,2 2ArJ

r(
~2A
Ty(a,b,5)= %
(zﬂ)ix/z/i’
Which allow us to obtaining the exact modifications of
ground states EncO—per(®’ 0 ,a,b, 5) as follows:

T,(a,b,6)=—

N

Eneoper(©.8,2,0,6)= L alNgy | (i (i +D+10+2) ~s(s+D)}

) (29)
[@L0 (a,b,5)+iT3(a,b,5)j
2 Mo

Where, the new factor L, (a,b,5) is given by:

2B

|
L (a,b,6)= 2 24

-4,2 2Ar}

(30)

4.3 The Exact Spin-orbital Spectrum for (m.c.p.)
Potential in (NC: 3D- RSP) Symmetries for
First Excited States for Quarkouniom
Systems

Know, we are going to study the nonrelativistic
modifications to the energy levels E , . (G), 0,a,b,5 )

for quarkonium systems, at first order of parameters
(©,0), for first excited states, using two egs. (12.1)

and (20), to obtain:
E

ncl-per (

6’5) :éa‘leF {JU+D+II+D) -s(s+1)}
+oo 2—6 £_2 2_4
[ {_ﬂzr«/ﬂ + oA _2,70,«\/27 ]ez BAr 31)

0

b a 7
X| ———+——|dr
2r 2r  2my
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a direct simplification gives Emfper(

G),é,,a,b,é) s a

function of new factors L;,(a,b,5), as:

E ®,§,a,b,5):

ncl-per (

=La|N, [ (jG+ D) + 1l +1) - s(s + 1) (32)

6 g 9
(@2 L;(a,b,5) 25 L, (a,b,ﬁ)j
i1 2u iz
Where, the nine terms T; (a, b, 5) are determined from:

b +o0 E—f)
Ll(a,b,5)=—§r]2 g pEA o2 RAr g

+00

2B
22 g
L,(a,b,6)= —%772 | pBA g2 g,

(33.1)
0
b +00 2—5
V;(a,b,6) = 562 | pA 2 g
0
a +00 ﬁ73
L,(a,b,5)= —50'2 | PR 2R g,
0
+00 £—7
L;(a,b,6)=-byo | r4 e 224 gy (33.2)
0
400 2—5
Ly (a,b,6) =—ano | r4 e 2 PAr gy
0
+o0 ﬁ—6
L;(a,b,6)=n" | pRA 22 gy
0
+00 ﬁ—Z
Ly(a,b,6)=0" | pBA g 2R g, (33.3)

0
o 2B,
Ly (a,b,é‘) =-2no _[ rRA e—zjﬁrdr
0
The three values of (m.n,) which appears in spe-
T;(a.b.5)

mined from the explicitly relations:

[m:j%—& n=1 and ﬁ:Z\/ﬂJ, (34.1)

cial integral (27) for 9- terms are deter-

(m:jZEA—Z n=1 and ﬁzZHJ, (34.2)
{m:j% 6, n=1 and ﬂ:2«/§j, (34.3)
[m:j%—f), n=1 and ﬁ=2J27J, (34.4)
[m:j%—& n=1 and B=2J24 |, (34.5)

(m:ZB—Z, n=1 and ﬂ:%/ﬁj. (34.6)
A

J. NANO- ELECTRON. PHYS. 8, 03025 (2016)

(mzj?—% n=1 and ﬂ:QWJ, (34.7)

(m:2B—5, n=1 and ,8:2\@}, (34.8)
N7y

and [m = %—4, n=1 and B= 2@] (34.9)

Which allow us to obtaining the results of integra-
tions as follows:
r[ 2B
bp* (24
L (a,b,6)=-"L =
(242487
, r[%—&z 2Ar]
L, (a,b,5) =21 N24 (35.2)

2B ’

)

2B -4,2 2Arj

o
Li(ab)= 20— 24
(2424 )%
2B
, r(——zz 2Arj
Li(abs)=2T—24 2 @5
(2\/2A)Jﬁ

2B -1,2 2Arj

"
Ly(a,bs)=—o?—N24
(2424 )@

2B _ 6,2 2Ar]

"
L, (a,b,&) =-cno 24 o5
(2\/2A)ﬁ76

-8,2 2Arj
(35.1)

, (35.3)

, (35.5)

, (35.6)

F(ZB—5 2 2Arj
2

24 7
T, =n E (35.7)
(2424) &7
r( 2B
Ly(ab,8)=-byo—24
=2 g
(2v24)87
r[ 2B
Ly(a,b,6)=2nc V24 3
=2 3
(2424}
It is important to notice that the terms (35.1-9) are
the same terms which we obtained in our ref. [47].

Thus, the exact modifications for first excited states
produced by spin-orbital effect:

-4,2 2Ar]
(35.8)

-3,2 2Arj
(35.9)
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Epy per(©,0,0,6,5) =

ncl-per

=1a|N, [ (jG+ D) + 1l +1) - s(s + 1) (36)

[@Lls (a.b.0)+5 T, , (a,b,é))

mo

Where, the factors L,_,(a,b,6) and T_,(a,b,5) are

given b:

Il
Mo

L_,(a,b,0) L;(a,b,5)

I
—-

(37

Il
Me

T, ,(a,b,0) L;(a,b,8)

Il
=

4.4 The Exact Magnetic Spectrum for (m.i.s.)
Potential in (NC: 3D- RSP) Symmetries for

Excited n" States for One-electron Atoms

Having obtained the exact modifications to the en-
ergy levels (B, ,,(0.0),E, ,.,(0,0)) for ground
states and first excited states produced with spin-
orbital Hamiltonian operator, we now consider new
interested physically meaningful phenomena, which
also produced from the perturbative term of modified
Cornell potential related to the influence of an external
uniform magnetic field, at first order of two parameters
(©,0), it’s sufficient to apply the following three re-
placements to describing these phenomena:

Lo b alig ) o, (b allFE @s
ou \(2% 2r 2m, 273 2r

0—>yHO—>yH and 8 —>0H ................... (38.2)

Here y and o are new infinitesimal real propor-
tional’s and we choose the magnetic
field H = Hk , which allow us to introduce the modified

(r,A,B,;(,E') in (NC:

constants,

new magnetic Hamiltonian H

m—cp
3D-RSP), as follows:

: _ boa) o)
H, ,(rAB z.0)= ( P (273 _er+2ﬂJ(HJ ~SH) (39)
It is well know that, the coupling between spin S
and external magnetic field H is the ordinary Hamil-
tonian of Zeeman Effect in usual commutative space.
So the noncommutative contributions modify the ordi-

nary Hamiltonian of Zeeman by new couplingﬁj.
Know, to avoid repetition in the previous solution of
(28) and (33.1-3), the exact noncommutative magnetic

energy (E Z,g, m,d,a, b)

modifications  of mag0-cp (

and £

mag-1ep (;(,g,m,é',a,b)) for (m.c.p.) produced auto-
matically by the effect ofﬁmfcp (r,a,b,;(,g), can be ob-

tained directly from those of the spin-orbital energies
by using the parameter mapping:

J. NANO- ELECTRON. PHYS. 8, 03025 (2016)

p=jj+)+Il(l+1)-s(s+1) >m
— — 40
(0.0)>(c.2)H (40
Following the previous results (29) and (36) with
the above three transformations, we finally arrive at

two Values ( EmagO-cp (Z, o,m, 5, a, b) )

E i (;(,g,m,é,a,b)) for the exact magnetic modifi-
cations of spectrum corresponding ground and first

excited states, at first order of two parameters ( ;(,g)
in (NC-3D: RSP), respectively, as:

E g,g,m,ﬁ,a,b) =

magO»cp(

= %a‘NOk‘Z m[ZLg (G,b,5)+2LT3 (a,b,&)]H
mo

(41)

E (;(,g,m,é‘,a,b) =

mag-lcp

:;ale2m[ZLls (a,b,5)+2LmOL17p (a,b,&)jH
Where m denote to the angular momentum quan-
tum number, which take their values in the inter-
val -l <m <+l | thus we have (2l +1) values for the
orbital angular momentum quantum numbers.

5. THE EXACT GLOBAL SPECTRUM OF THE
LOWEST EXCITATIONS STATES FOR
(M.C.P.) POTENTIAL IN (NC:3D- RSP) SYM-
METRIES FOR QUARKOUNIOM SYSTEMS :

Let us now resume the eigenenergies of the (d.s.e)
obtained in this paper, the total modified energies

(Epo-or (@, 0, y,0.m,,j,l,s, 5,a,b) ,

E

ncl—cp

(@,é,l,g,m,,j,l,s,é',a,b)) of a quarkonium sys-

tems for ground states and first excited states produced
with:
—  Ordinary three dimensional Cornell potential

V(@r)=ar —é, produce the values E;;, and E,,,
r

- Spin-orbital Hamiltonian operator

H (r,A,B,G),é) Producer EncO—per (@,é,a,b,é') and

cp—pert

E

ncl—per

(@,é,a,b,é'),

- The modified Hamiltonian of Zeeman Effect:

f]m_cp (r,A,B,;(,g') Producer EmagO-cp (;(,g',m,é',a,b)
and Emag_1cp (;(,g, m,5,a,b) .

Which allow us to getting the global spectrum

EncO—cp (Qé,;{,g,m,,j,l,s,é',a,b) and
Encl_cp(@),é,l,g,m,,j,l,s,é',a,b) of the lowest excita-

tions states for (m.c.p.) potential in (NC: 3D- RSP)
symmetries for quarkonium systems:
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E o (@,é,z,g,m,,j,l,s,é,a,b) =

3a\’
3q 2y[b+§j
= 4
FW}
l0“]\70;3‘2{J'(J"F1)+l(l+1)—s(s+1)}>< (42)

x(@Lo (a,b,5)+2iT3 (a,b,5)]+

mo

+;aN0k2m{;(Lo (a,b,5)+2LT3 (a,b,d)JH

mo

Epiop (0.0, 2,0:m,,j1,5,6,a,b) =

2 b+3—a ’
3a H 52
= 5+
g 8ua
3% Jl+4l(l+1)+
58
‘le‘ J(J+1)+l(l+1) s(s+1)! x (43)

}
abé]

L1 p(a,b,é)]H

><(®L1 (a b, 5)
+5 a‘le‘ m[;{Ll (abé‘)

In this way, one can obtain the complete energy
spectra for (m.c.p.) potential in (NC: 3D-RSP) symme-
tries. We have also the following accompanying con-
straint relations:

— The original spectrum for ground and first excited
states contain two possible values of energies in ordi-
nary three dimensional space which presented by equa-
tions (11) and (12),

— The quantum number m
-1 <m <+, thus we have (2/+1) values for this quantum

satisfied the interval:

number,
— The

i-d < j < i+ can be takes N values: j = i-s|ji-s+1,...0,..JI+5] -
N-values
Allow us to deduce the important original results:
every state in usually three dimensional space will be

replace by 2(21+1)Nsub-states and then the degener-

global momentum jin the interval

n-1
ated state can be take 2N Y (2/+1)=2Nn®values in
i=0

(NC: 3D-RSP) symmetries . It’s clearly, that the ob-
tained eigenvalues of energies are real and then the

noncommutative Hamiltonian operator an_cp :

ﬁm=—ila[ a}r 1 6(19‘3)
P 2 or\" or) r%sin@ 00 06
) _
+%8—2 +ar—9+ 9+®[b3—j SL+ (44)
r¥(sin®)” 0¢ ro2u 2r° 2

{1(;’73_;};](33_@3)

J. NANO- ELECTRON. PHYS. 8, 03025 (2016)

Which allows us to obtain the original results for
this investigation: the obtained Hamiltonian operator

(44) can be describing Quarkouniom systems: cc, bb,

¢b, be,...which has two permanent dipoles:

— The first is electric dipole moment,

— The second is magnetic moment in external station-
ary electromagnetic field.

It is important to notice that, the appearance of the
polarization states of a fermionic particle for (m.c.p.)
indicate to the validity of obtained results at very high
energy where the relativistic equation Dirac will be
applied, which allowing to apply these results of vari-
ous Nano-particles at Nano scales. Finally, we can
trace the following two important relations:

A

an cpy/(O)( )
= Byeoop (0,0, 2,0, j1,5,6,a,6)y” (F)

ncO0-cp

F]nc—cpl//(l) (F) =
EE (@,57Z7;7m>aj7las5§’a’b)l//(l)(7)

(45)

ncl-cp

Thus, we can resume the obtained results as (Ordi-
nary three dimensional spaces — (NC: 3D-RSP) sym-
metries:

EOl - EncO—cp (®,§,Z,g,m,,j,l,8,5,a,b)
o (46)
Ell - Encl—cp (®,e,z,o,m,,j,l,s,5,a,b)

A 1 1 6 5 1 6 0
H, = + sinf— |+
P 2y 2or\" or +2sin @ 00 06
%
1 52 b
+— +ar——
r*(sin 9) op°

r
ﬁnc—c :_i L a( 2 0 + 1 i(smﬁi +
P 2u| ror or) r2sinf 00 00
2 9 ——
+%a—2 +ar—9+ 9+®[b3_aj SL+
rz(sinﬁ) o ro | 2u 2r° 2r

+[;{[Zl’r3_;‘r]+;}(ﬁ3_§ﬁ)

Our recent study gives a novel contributions corre-
sponded the effect of noncommutativity of space phase
compared with results of ref. [31]. It is easy to show
that we recover the case of commutative space as a
special case of noncommutative space and space phase,

taking the parameters 0,0, y and o equal zero.

6. CONCLUSION

In this study we have performed the exact analyti-
cal bound state solutions: the energy spectra and the
corresponding noncommutative Hamiltonians for (d.s.e)
with (m.c.p.) by using generalization Boopp’s Shift
method and standard perturbation theory. It is found
that the energy eigenvalues depend on the dimension-
ality of the problem and new atomic quantum numbers

03025-8
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( j,l,s) and the angular momentum quantum number
m in addition to four infinitesimals parameters

(O, 5,;{,;‘) and we also showed that the obtained ener-
gy spectra degenerate and every old state will be re-
placed by 2N (2 +1)sub-states. Finally, we expect that

the results of our research are valid in the high ener-
gies, thus the (m.c.p) can gives the same results for
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